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Abstract

Ž .The control parameter dependence in terminal attractor TA optical associative memory is investigated. With adaptive
setting of the control parameter in the dynamics of the TA model for dynamic iteration, perfect convergence of the
associative memory for pattern recognition is achieved. With numerical simulations, the optimal control parameter in the TA
model associative memory is determined. The optimal control parameter is also used in an optical experiment. The
experimental results show that the target pattern can be successfully associated. q 1998 Elsevier Science B.V. All rights
reserved.
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1. Introduction

One of the major research topics of neural networks is
in the area of associative memory. Hopfield described a
simple neural network model for the operation of associa-

w xtive model and pattern recognition 1 . The action of
individual neurons is modeled through a thresholding oper-
ation and the information is stored in stable equilibrium
points in the interconnections among the neurons. The

Ž .computation is performed by setting the state on or off of
some of the neurons according to external stimulus and,
with the interconnected according to the recipe that Hop-
field prescribed, the state of all neurons that are intercon-
nected to those that are externally stimulated sponta-
neously converge to the stored pattern that is the most
similar to the external input. The basic operation per-
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formed is a nearest-neighbor search, a fundamental opera-
tion for pattern recognition, associative memory, and error
correction. But further investigation reveals that the basins
of the attractors for stored patterns are small in the Hop-
field neural network and the recalling ability is not so great
w x2 . The existence of oscillating states also affects memory

w xcapacity 3 .
For the elimination of the spurious state in the Hopfield

associative memory, a type of attractor called a terminal
Ž .attractor TA , which represents singular solutions of a

w xneural dynamic system, was introduced 4 . These terminal
attractors are characterized by having finite relaxation
times, no spurious states, and infinite stability. Applica-
tions of terminal attractors for content-addressable and
associative memories, pattern recognition, self-organiza-
tion, and for dynamical training have been illustrated.

Recently, for the purpose of comparing the Hopfield
model both including and excluding the terminal attractor,
an optical neural network with terminal attractors for

w xpattern recognition is proposed 5 . The results show that
the spurious states of the energy function in the Hopfield
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Fig. 1. Stored patterns in the network.

associative memory can be avoided and the recognition
rate is considerably enhanced. The capacity of TA model
associative memory has been also investigated based on
the consistency between the stored pattern and the ob-
tained equilibrium state in statistical thermodynamics by

w xnumerical simulations 6 . The absolute capacity of the TA
model is greater than 0.35N, which contrasts with the
relative capacity or the theoretical absolute capacity for the
conventional associative memory.

However, in the TA model associative memory dy-
namic system, the control parameters are significant. In
this paper, we investigate the control parameter depen-
dence in TA optical associative memory. First, we deter-
mine the optimal control parameter for pattern recognition
by the numerical simulations. Then, the optimal control
parameter is used in an optical experiment. The experimen-
tal results show that the target pattern can be successful
associated.

2. Theory

2.1. TA model for associatiÕe memory

Before the control parameter dependence in TA optical
associative memory is discussed, the dynamics of the TA

Table 1
Hamming distances among stored patterns

A B E H K M N O R S X Y

A 0 40 35 27 37 25 27 27 40 37 35 41
B 0 15 33 39 37 37 27 16 19 35 37
E 0 36 32 42 40 30 19 26 28 32
H 0 24 14 20 24 35 32 32 38
K 0 28 30 40 29 36 22 26
M 0 16 30 37 30 30 32
N 0 34 39 32 22 30
O 0 33 24 42 42
R 0 29 23 35
S 0 38 36
X 0 16
Y 0

Mean Hamming distance Hs30.8

w xmodel for associative memory 4,5 should be briefly
reviewed. Let us consider a discrete time type of neural
network with N neurons and M stored patterns. The ith
component of the state vector x at time tq1 may bei

written as
N

x tq1 s W f x tŽ . Ž .Ýi i j j
js1

M
1r3Žm. Žm.y a f x t yxw xŽ .� 4Ý i i

ms 1

=
2Žm. Žm.exp yb f x t yx , 1w xŽ . Ž .� 4½ 5i i

� Žm.4 Ž .where the x ms1,2, . . . , M is a set of M linearlyi
Ž .independent stored vectors, x t is the output of the ithi

neuron at time t, W is a synaptic matrix determined byi j

Hebb’s law in the same way as the Hopfield model, and
a Žm. and b Žm. are positive control constants. In this
model, we select the value of the parameter a Žm. as unity

Ž .for all m from empirical basis. Then, Eq. 1 is written as

Table 2
Hamming distances between inputs and stored patterns
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Ž .Fig. 2. Hamming distance H between output patterns and stored pattern ‘Y’ versus the iteration time t in the original a , and the modified
Ž . Žm.TA associative memory b . Ns100, b s0.2.
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Ž .Fig. 3. Hamming distance H between output patterns and stored pattern ‘Y’ versus the iteration time t in the original a , and the modified
Ž . Žm.TA associative memory b . Ns100, b s0.5.
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Ž .Fig. 4. Hamming distance H between output patterns and stored pattern ‘Y’ versus the iteration time t in the original a , and the modified
Ž . Žm.TA associative memory b . Ns100, b s1.
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Ž .Fig. 5. Hamming distance H between output patterns and stored pattern ‘Y’ versus the iteration time t in the original a , and the modified
Ž . Žm.TA associative memory b . Ns100, b s3.
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N

x tq1 s W f x tŽ . Ž .Ýi i j j
js1

M
1r3Žm.y f x t yxw xŽ .� 4Ý i i

ms 1

2Žm. Žm.=exp yb f x t yx , 2w xŽ . Ž .� 4½ 5i i

w xwhere the function f is a neuron nonlinear function and
written as

f x t s tanh x t . 3w x w xŽ . Ž . Ž .i i

That is, the network changes its state at discrete ts
Ž . Ž .0,1,2, . . . according to Eqs. 2 and 3 . Here, the nonlinear

w xthreshold function tanh operates componentwise on vec-
tors.

2.2. TA model for optical associatiÕe memory

The optical implementation of the dynamics that is
Ž .described by Eq. 2 is not easy because it contains a

square and a 1r3 power function. For the feasibility of the
optical implementation of the TA model associative mem-

Ž . Ž .ory, we make further approximations to Eqs. 2 and 3
without losing the essence of the TA dynamics system. If

Ž .we assume unipolar binary number 1, 0 for the neuron-
state vectors, the factor 1r3 in the power function of Eq.

Ž .2 may be dropped and, instead of the square operation in
the exponential function, the absolute value can be used
without changing the value of the dynamics system. Based
on the property of unipolar representation of this binary

Ž . Ž . w xsystem, Eqs. 2 and 3 can be rewritten as 5
N M

Žm.x t s W f x t y f x t yxw xŽ . Ž . Ž .� 4Ý Ýi i j j i i
js1 ms1

Žm. Žm.=exp yb f x t yx , 4w xŽ . Ž .� 4i i

f x t s1 x t , 5w xŽ . Ž . Ž .j i

w x Ž .where 1 u s1 when u)0 and y1 when u-0. Eqs. 2
Ž . Ž . Ž .and 3 will be called original, Eqs. 4 and 5 will be

called modified TA model, respectively hereafter.

3. Computer simulation

3.1. Method

In general, for associative memory for pattern recogni-
tion, the convergence of the iteration not only depends on
the data representation, the number and the content of the
stored vectors, the initial input, the synapses, and the
thresholding value, but also depends on the control param-

Žm. Ž . Ž .eter b in the exponential term of Eqs. 2 and 4 . The

Fig. 6. Examples of the recalling process in the original TA model. The Hamming distance of the input from the stored pattern ‘Y’ is 5. t is
the iteration time.
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purpose of b Žm. in the terminal attractor is to provide a
w Ž .x Žm.Gaussian distribution peaked at f x t sx . In prac-i i

tice, the value of b Žm. controls the influence of the
exponential term at the neighborhood of the stored pat-

Žm. Ž Žm. .terns. A small b for instance, b -1 causes stronger
cross-talk among stored patterns, and the spurious states
caused by cross talks are generated near the boundary of a
basin of a stored pattern. Whereas, a large b Žm. reduces
the cross talk. In other words, the value of b Žm. decides
the behavior of neighbors of a terminal attractor. Unfortu-
nately, it is quite difficult to determine the b Žm. value
based on a rigorous analytical method. Therefore, with the
assistance of numerical simulation, the trial-and-error
method will be used for selection of the control parameter
b Žm..

Numerical simulations have been performed by using a
Ž . Ž .10=10 neurons network based on Eqs. 2 and 3 . Twelve

characters as shown in Fig. 1 are embedded as terminal
attractors in the network. The Hamming distance between
the pattern X 1 and X 2 is defined by

p q
1 2 1 2< <H X , X s X yX pqsN . 6Ž . Ž . Ž .Ý Ý i j i j

is j js1

Ž .By Eq. 6 , the Hamming distances from each stored

pattern are tabulated in Table 1. The smallest Hamming
distance is 14, and the mean Hamming distance among 12
patterns is 30.8. Four initial imperfect input patterns and
the Hamming distances of these inputs from stored pat-
terns are tabulated in Table 2. The Hamming distance of
the imperfect inputs from stored pattern ‘Y’ are 3, 5, 7,
and 9, respectively, and those for the other stored patterns
are equal to 17 or more.

3.2. Results and discussions

We tested four parameter b Žm. values of 0.2, 0.5, 1 and
3 using the above 10=10 neurons network. The results
for the recalling property of the TA model associative
memory are shown in Figs. 2, 3, 4, and 5. In these figures,
the abscissas are the iteration time and the ordinates are
the Hamming distance of the recalled pattern from a stored

Ž . Ž .pattern ‘Y’. Figures a and b correspond to the original
and modified TA model dynamics system, respectively.

Fig. 2 shows the case of b Žm.s0.2. When the Ham-
ming distances between the input patterns and stored pat-
tern are 7 and 9, even if the recollections are unsuccessful,
spurious states are not recalled, instead, both networks
show unstable chaotic states, i.e., without reaching any

Fig. 7. Examples of the recalling process in the original TA model. The Hamming distance of the input from the stored pattern ‘Y’ is 9. t is
the iteration time.
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equilibrium. When the Hamming distance is 5, the recalled
patterns are trapped to spurious states even if the networks
are stable. Only for the case of Hamming distance equal to
3, the correct patterns are recalled without error. This
indicates that the basins of attraction of stored patterns are
small and the recollection ability is not very large if b Žm.

is 0.2.
In Fig. 3, b Žm. is assumed to be 0.5. We can see that

when the Hamming distances are 7 and 9, the networks are
trapped to equilibrium states that are very different from
the stored pattern. These results in Figs. 2 and 3 indicate
that a small b Žm. will generate unstable oscillation or
spurious states near the boundaries of the basin of the
stored patterns when the Hamming distance between the
input pattern and stored target pattern is greater due to
cross talks among the stored patterns.

Figs. 4 and 5 correspond to b Žm.s1 and 3, respec-
tively. Both the two networks converge to the correct
pattern within a finite iteration time. However, we can see
that for the network with b Žm.s3 the recalling speed is
lower than for the network with b Žm.s1.

Some instant states in the evolution of the networks
with b Žm.s0.2, 0.5, 1, 3 are show in Figs. 6–9. t is the
iteration time. Figs. 6 and 7 are for the original TA model

dynamics system and, the Hamming distances of the inputs
from the target pattern ‘Y’ are 5 and 9, respectively. When
b Žm.s1 and 3, both Figs. 6 and 7, the networks correctly
converged to ‘Y’ starting from imperfect patterns. When
b Žm.s0.2, the case of Fig. 6 traps to a stable spurious
pattern and, Fig. 7 shows unstable oscillation states until
iteration time of 100 or larger, to be brief, when b Žm. is
smaller, the recollection of the associative memory is
unsuccessful in most cases. Figs. 8 and 9 correspond to the
modified TA model dynamics system. We can see that the
obtained results are the same as for the original TA model
in Figs. 6 and 7. From these numerical simulation results,

Žm. Ž Žm. .a large b b G1 can reduce the cross talk and the
dynamics system exhibits higher recollection ability and
stable recalling property.

However, these results are only for four test values and
Ž .for a specific neural network 10=10 neurons . In order

to determine the optimal values of the control parameter
b Žm. for various neural networks, more b Žm. values are
tested. Fig. 10 shows the recalling ability for various b Žm..
The network size is 10=10. We can see that the recalling
ability increases with increasing b Žm.. But, after b Žm.

reaches 1, the recalling ability remains at same value. We
also use four b Žm. values to test the recalling ability for

Fig. 8. Examples of the recalling process in the modified TA model. The Hamming distance of the input from the stored pattern ‘Y’ is 5. t
is the iteration time.
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Fig. 9. Examples of the recalling process in the modified TA model. The Hamming distance of the input from the stored pattern ‘Y’ is 9. t
is the iteration time.

Fig. 10. The recalling ability versus b Žm. values.
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Fig. 11. The recalling ability versus network size.

various network sizes, as shown in Fig. 11. We can see
that the network size almost does not influence the choice
of the b Žm. value.

4. Optical implementation

4.1. Method

Optical implementations have been performed for pat-
tern recognition with the proposed adaptive control param-
eter. The optical experimental system uses liquid-crystal

Ž . Ž .television LCTV spatial light modulators SLMs and
CCD cameras based on the modified TA model dynamics

Ž . Ž .system of Eqs. 4 and 5 as shown in Fig. 12. It consists
of two subsystems. One is the optical system for the
Hopfield model and the other is the optical system which
realizes the TA model. LCTV 1 and LCTV 2 are used to

w Ž .xrepresent the state vector f x t and the connectivityi

matrix W , respectively. For implementation of the opticali j

subtraction, we used a real-time image subtraction system
Žby using polarization modulation of LCTV LCTV3 and

. w xLCTV4 7 . The exponential operation realized by the
optical subsystem that has light transmission property equal
to the value of the exponential function, which is a fader
control is used. The signals from the Hopfield subsystem
and the TA subsystem are detected by the CCD camera 1
and 4, respectively, and are sent to the computer to
calculate the difference between them and the next state

w Ž .x w Ž .xvector f x tq1 . The output f x tq1 is used as thei i

input of a new state to the LCTV-SLM for the dynamical
system. This process is iterated until convergence is
reached. The converged state is displayed on a TV moni-

tor. A detailed discussion on this optical implementation
w xcan be found in Ref. 5 .

4.2. Results

For the feasibility of the optical implementation, we
used a network with 4=4 neurons and choose the value of
b Žm. as 1 for all m. The network was trained to recognize
the patterns ‘A’, ‘O’, and ‘H’. Fig. 13 shows an example
of the experimental results of the recovery from imperfect
inputs by the optical setup in Fig. 12. Three stored patterns

Ž .are shown in Fig. 13 a . The mean Hamming distance
Ž .among these stored patterns is 8. Fig. 13 b shows four

initial imperfect patterns. The Hamming distances of the
inputs from the target pattern ‘A’ are 1, 2, 3, and 4 from
top to bottom, respectively, and those with the other stored
patterns are equal to 5 or larger. The Hamming distances
of the input patterns from the stored patterns are tabulated

Ž .in Table 3. The output results are shown in Fig. 13 c . We
can see that the network correctly converges to ‘A’, thus
the association is successful for all input data. These
experimental results indicate that the optical results are

Table 3
Hamming distances of imperfect patterns from the stored patterns

Input pattern Stored pattern
Ž1. Ž2. Ž3.x ™‘A’ x ™‘O’ x ™‘H’

X 1 5 71

X 2 6 102

X 3 7 113

X 4 6 124
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Fig. 12. Optical TA neural network. P1–P6: polarizers.

Table 4
Parameter b Žm. dependence in the TA model associative memory

Žm. Žm. Žm.b -1 b s1 b )1

Crosstalk between stored strong reduced reduced
patterns
Final state of the network trapping to spurious states converging to right converging to right

unstable chaotic state stable state stable state
Recalling ability of the network bad good good
Recalling speed of the network fast low
Optical implementation of the optical adjustment is easy; optical adjustment is difficult;
network output image quality is good noise is strong
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Ž . Ž . Ž . Žm.Fig. 13. Experiment results. a Stored patterns, b inputs, c outputs with b s1.

consistent with the numerical simulation even if a different
Ž . Žnetwork with 4=4 neurons from the simulation with

.10=10 neurons is used.

5. Conclusion

We have given the control parameter b Žm. dependence
in the TA model associative memory. The numerical simu-
lations for pattern recognition with different values of
b Žm. were performed by using different network models.
The results are summarized in Table 4. We can see that
when b Žm. is less than 1, the network becomes unstable
and recalling fails. Otherwise, when b Žm. is greater than
or equal to 1, the network shows good stability and
correctly converges to the desired pattern. Specifically,
when b Žm. is equal to 1, the recalling speed is also fast,
and optical adjustability and output image quality are

good. In practice, we have been performed an optical
implementation using a network with 4=4 neurons, three
stored patterns, and b Žm.s1. Correct retrieval is demon-
strated by the experimental results.
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