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Terminal Attractor Optical Associative Memory for Pattern Recognition
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Optical associative memory with terminal attractor (TA) is proposed for pattern recognition. With numerical simulations,
the optimal control parameter in the TA model associative memory is determined. The optimal control parameter is also used in
an optical experiment. The capacity of TA model associative memory is also investigated based on the consistency between the
stored pattern and the obtained equilibrium state in statistical thermodynamics. The results of numerical simulations indicate
that the memory rate of the TA associative memory is greater than 0.35. We also compare TA model with the conventional
Hopfield model, and show that the TA model can eliminate spurious states in the Hopfield model and increase recalling ability
and memory capacity.
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1. Introduction

Optical associative memory for pattern recognition using
the Hopfield model1) has the advantage of simplicity for its
network structure. But further investigation reveals that the
basins of the attractors for stored patterns are small in the
Hopfield model and the recalling ability is not so great. More-
over, the memory capacity is low because there are many
spurious states and oscillations in the network. In order to
obviate the spurious states and low storage capacity in the
Hopfield model, a type of attractor called a terminal attractor
(TA), which represents singular solutions of a neural dynamic
system, was introduced.2) These terminal attractors are char-
acterized by having finite relaxation times, no spurious states,
and infinite stability.

In this paper, we apply the TA dynamic system in opti-
cal associative memory to pattern recognition. First, we use
the trial-and-error method for selection of the control param-
eter in TA model. Then, we investigate the capacity of the
TA model associative memory. Based on the concept of con-
sistency between the stored pattern and the equilibrium state
in statistical thermodynamics, a method of intuitive estimates
for the TA model memory capacity is presented. Finally, an
optical implementation of the TA associative memory is car-
ried out. The numerical and optical experiment results in-
dicate that, using the TA model, the memory capacity of the
Hopfield model is improved, and the target pattern can be suc-
cessfully recalled.

2. Terminal Attractor Associative Memory

Let us consider a discrete time type of associative memory
with N neurons andM stored patterns. Thei th component of
the state vectorxi at timet + 1 may be written as2)

xi (t + 1) =
N∑

j=1

wi j f [xj (t)] −
M∑

m=1

α(m){ f [xi (t)] − x(m)i }
1
3

× exp
{
−β(m){ f [xi (t)] − x(m)i }2

}
, (1)

where thex(m)i is a set ofM linearly independent stored vec-
tors, xi (t) is the output of thei th neuron at timet , wi j is a
synaptic matrix determined by Hebb’s law in the same way
as the Hopfield model, andα(m) andβ(m) are positive control
constants. The functionf [ ] is a neuron nonlinear function

largeβ(m) reduces the cross-talk. In other words, the value of
β(m) decides the behavior of neighbors of a terminal attractor.
Unfortunately, it is quite difficult to determine theβ(m) value
based on a rigorous analytical method. Therefore, with the
assistance of numerical simulation, the trial-and-error method
will be used for the selection ofβ(m).

Numerical simulations have been performed by using a
10× 10 neurons network based on the modified TA model

and written as

f [xi (t)] = tanh[xi (t)]. (2)

The first term of eq. (1) is the ordinary form for the Hopfield
model, and the second one is the term added as the TA model.
In this model, we select the value of the parameterα(m) as
unity for all m from empirical basis hereafter discussions.

For the feasibility of the optical implementation, we make
the approximations to eqs. (1) and (2) without losing the
essence of the TA dynamics system. If we assume unipolar
binary number (1, 0) for the neuron-state vectors, the factor
1/3 in the power function of eq. (1) may be dropped and, in-
stead of the square operation in the exponential function, the
absolute value can be used without changing the value of the
dynamics system. Then, the eqs. (1) and (2) can be rewritten
as3)

xi (t) =
N∑

j=1

wi j f [xj (t)] −
M∑

m=1

{
f [xi (t)] − x(m)i

}
× exp

{
−β(m)| f [xi (t)] − x(m)i |

}
, (3)

f [xj (t)] = 1[xi (t)], (4)

near the boundary of a basin of a stored pattern. Whereas, a

where 1[u] = 1 whenu > 0 and−1 whenu < 0. Equa-
tions (1) and (2) will be called original, eqs. (3) and (4) will
be called modified TA model, respectively hereafter.

3. Numerical Simulations

3.1 Control parameter
In the TA associative memory dynamic system, the control

parameters are significant. In practice, the value of control
parameterβ(m) in eqs. (2) and (4) controls the influence of the
exponential term at the neighborhood of the stored patterns. A
smallβ(m) causes stronger cross-talk among stored patterns,
and the spurious states caused by cross talks are generated



of eqs. (3) and (4). Twelve characters as shown in Fig. 1 are
embedded as terminal attractors in the network. The mean
Hamming distance among 12 patterns is 30.8. The Hamming
distance between the patternX1 andX2 is defined by

H(X1, X2) =
p∑

i=1

q∑
j=1

|X1
i j − X2

i j | (p · q = N). (5)

Four initial imperfect input patterns are shown in Fig. 2. The
Hamming distance of the imperfect inputs from stored pattern
“Y” are 3, 5, 7, and 9, respectively, and those for the other
stored patterns are equal to 17 or more. We define that the
pattern is recalled when the solution of the dynamic system
reaches an equilibrium state for a given test pattern.

Some instant states in the evolution of the networks with
β(m) = 0.2, 0.5, 1, 3 are show in Figs. 3(a) and 3(b). The
Hamming distances of the inputs from the target pattern “Y”
are 5 and 9, respectively. From these numerical simulation
results, a largeβ(m) (β(m) ≥ 1) can reduce the cross talk and
the dynamics system exhibits higher recollection ability and
stable recalling property. Figure 4 shows the test results of the
recalling ability for variousβ(m). The network size is 10×10.
We can see that the recalling ability increases with increasing
β(m), but, afterβ(m) reaches 1, the recalling ability remains at
same value. We also use threeβ(m) values to test the recalling
ability for various network sizes, as shown in Fig. 5. We can
see that the network size almost does not influence the choice
of theβ(m) value. As shown above, for optical implementa-
tion, we have used the modified TA model to test theβ(m)

values. Of course we also can test one using the original TA
model of eqs. (1) and (2), and obtained almost same results.4)

From these results, we choose the value ofβ(m) as unity for
the dynamics of TA associative memory.

3.2 Memory capacity
The memory capacity of the TA model cannot be given the-

oretically because it is influenced by the various conditions of
the network. We will give a rather intuitive explanation by
a numerical simulation instead. The principle of the simu-
lation method is from the approximate equation of the mean
field in statistical thermodynamics.5) We introduce a parame-
ter M(T)(m),

M(T)(m) =
〈
(1/N)

N∑
i=1

xi x
(m)
i

〉
, (6)

or the consistency between the stored patternx(m)i and the ob-
tained equilibrium statexi . WhereT is a temperature coef-
ficient that is defined in statistical thermodynamics. Here, it
corresponds to a fluctuation coefficient.〈·〉 denotes mean op-
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Fig. 2. Input patterns for the associative memory. Hamming distance of
each input from stored pattern “Y” is 3(a), 5(b), 7(c), and 9(d).

Fig. 1. Stored patterns in the associative memory.

Fig. 4. The recalling ability versusβ(m) values.

Fig. 3. Examples of the recalling process. Hamming distance of the input
from the stored pattern “Y” is 5(a) and 9(b).t is the iteration time.



eration. Conversely, the inconsistency betweenx(m)i andxi is
defined by(1/2)[1 − M(T)(m)]. Namely, when an equilib-
rium statexi is perfectly the same as the stored patternx(m)i ,
the parameterM(T)(m) becomes unity and the stored pattern
x(m)i is recalled accurately. WhenM(T)(m)<1, the recollec-
tion is unsuccessful. We only investigate the case ofT = 0.
Namely, the fluctuations of the network are dropped in our
numerical simulations.

The numerical simulations for the memory capacity have
been performed by using the 10× 10 neurons network based
on the modified TA model of eqs. (3) and (4). The Ham-
ming distance between inputs and the stored patterns are cho-
sen to be equal to 5 or more. The memory rate is defined
by r = M/N in the same way as the Hopfield model. We
tested three memory rates of 0.15, 0.25, and 0.35. Of course
we can set a greater value for the memory rate, but the rate
is limited by the capacity of the computer used in the present
simulations. The results for the memory capacity in the Hop-
field and TA model associative memories are shown in Figs. 6
and 7, respectively. The ordinate is the Hamming distance of
the recalled pattern from a stored pattern, i.e., the consistency
of the recalling. We can see that when the memory rates are
0.25 and 0.35, the Hamming distances of the recalled pattern
are respectively 3 and 6 in the Hopfield model (see Fig. 6).
Namely, the inconsistency of recalling is always much greater
than 1%. On the contrary, for the TA associative memory, the
consistency of the recalling is 100% (see Fig. 7). These re-
sults indicate that the absolute memory rate of the TA model
is greater than 0.35.

4. Optical Experiments

Optical implementations have been performed for pattern
recognition. The optical experimental system uses liquid-
crystal television (LCTV) spatial light modulators (SLMs)
and CCD cameras based on the modified TA model as shown
in Fig. 8. It consists of two subsystems. One is the optical
system for the Hopfield model (lower part of the system) and
the other is that for realization of the TA term (upper part of
the system). For implementation of the optical subtraction,
we used a real-time image subtraction system by using polar-
ization modulation of LCTV (LCTV3 and 4). The exponen-
tial operation realized by the optical subsystem that has light
transmission property equal to the value of exponential func-
tion, which is a fader control is used. The signals from the
Hopfield subsystem and the TA subsystem are detected by the

Fig. 6. The recalling ability for Hopfield associative memory.

Fig. 7. The recalling ability for TA associative memory.

Fig. 8. TA optical associative memory.

Fig. 5. The recalling ability versus network size.

CCD camera 1 and 4, respectively, and are sent to the com-
puter to calculate the difference between them and the next
state vector. The output is used as the input of a new state to
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LCTV1 for the dynamical system. This process is iterated un-
til convergence is reached. The converged state is displayed
on a TV Monitor. The output results are shown in Figs. 9(c)
and 9(d). As is seen from these results, the Hopfield network
is trapped to spurious state with large Hamming distance, but
the TA network can recall the correct pattern for all inputs
without trapping to spurious state.

5. Conclusion

We have applied the TA model associative memory for pat-
tern recognition and compared it with the conventional Hop-
field associative memory. The numerical simulations and the
optical experiments show that the TA model associative mem-
ory can eliminate spurious states and increase memory capac-
ity.
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Fig. 9. Experiment results: (a) stored patterns, (b) inputs, (c) outputs of
Hopfield model, and (d) output of TA model.
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